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High-Frequency Sum Rules for the Quasi-One-
Dimensional Quantum Plasma Dielectric Tensor
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A high-frequency sum-rule expansion is derived for all elements of the spinless
quasi-one-dimensional quantum plasma response tensor at T=0K. As in the
magnetized classical plasmas, we find that Q2* is the only coefficient of w™* that
has no correlational term. Further, we find that the correlations either enhance
or reduce the negative quantum dispersion, depending on the direction of
propagation. It is also noted that the quantum effect does not exist for the
ordinary and the extraordinary modes for perpendicular and parallel propaga-
tion, respectively.

1. INTRODUCTION

High-frequency sum-rule expansions of the full response tensor of
classical one-component plasmas in the absence and presence of an external
magnetic field are known (Kalman and Genga, 1986; Genga, 1988).
However, for quantum plasmas with spinless particles the existing results
pertain to the absence of an external magnetic field (Genga, submitted). In
this case we consider the high-frequency sum-rule expansion to order w ™
for the full response tensor of quasi-one-dimensional quantum nonrelativis-
tic plasmas with spinless particles at T=0K.

In this work we treat an electron plasma in a constant, homogeneous
magnetic field quantum mechanically. While treating the magnetic field
exactly, a perturbation approach in the photon field is used in deriving the
general expressions for the dielectric tensor (Canuto and Ventura, 1972).
In laboratory plasmas the magnetic field is of order 10° G, which is very
small compared to the 10"° G found in pulsars. At superstrong magnetic
fields such as those probably associated with neutron stars we find that
when the Fermi energy of the electrons is lower than the excitation energy

'Department of Physics, University of Nairobi, Nairobi, Kenya.
851
0020-7748/88/0700-0851506.00/0 © 1988 Plenum Publishing Corporation



852 Genga

of the Landau levels, i.e., p>/2m « #{), only the lowest n =0 level is popu-
lated, and the mobility of the electrons is therefore entirely determined by
the value of momentum along the z axis, i.e., p., thus giving rise to a
one-dimensional quantum plasma. Low density, as well as an intense mag-
netic field, is necessary for this situation to be realized.

Since we are considering an anisotropic system in the presence of an
external magnetic field, we calculate the high-frequency sum-rule expansion
for the six independent elements of the dielectric tensor of the quasi-one-
dimensional quantum plasmas. The method of derivation is reviewed below.
In Section 2 we calculate the exact w 2, @ >, » *, and 0> sum-rule
coefficients for the full response tensor; in Section 3 the long-wavelength
limit of the results of Section 2 is considered. Strong coupling effects on
the high-frequency modes, i.e., the plasma mode and the high-frequency
extraordinary mode for propagation parallel and perpendicular to the
magnetic field respectively, are determined in Section 4. The results of
Section 2 are obtained by using the same method as the one shown in the
Appendix of Genga (in press) for magnetic field-free case.

The total electric current at point x; is given by

(%) =-§z [V, 8(x—x,)+ 8(x—x,)V;] 1)

where
v,=+ [p,-+f Ax,)+= Alx;, t)} (2)
m c ¢

x;, Vi, P;, A%x;) and A(x;, t) correspond to the position, velocity, momen-
tum, external field vector, and self-consistent field vector of the ith particle,

respectively. In Fourier transform language equation (1) becomes
2

i) = et + 5 T A(w) ®)

where

Ty =1-k*k"/k* (4)
We replace the Fourier transform of equation (1) by its expectation value
to obtain equation (3), since we are only interested in the response function
of the electron system. By applying perturbation theory (Genga, in press;
Pines and Noziéres, 1966), we find that

@) === T o O k(D)) %4(0)]0)

1 1 )
x [w—wno(p,p+f»k/2>+in_w+wno(p,p—ﬁk/z)+in] Adlw)
(5)
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where

1

II§ =
“Tom

Z [I1# exp(ik - x;) +exp(ik - x;) TI#]
(6)
I1f = pi+= A% (x,)

and for the arguments of w,, as well as the summation over p in equation
(5)
P = pZ’ k = kZ (7)

Then, by combining equations (3) and (5) we obtain

-2

ie N
0’”(kw)=-[x’”(kw)+— Tﬁ”] (®)
) m
where x*” is the current-current response tensor defined as

x* (k) = ¥ (O|IT% ()| nXn|I1Z,(0)[0)

1 1
— 9
X[w—wno(p,p+ﬁk/2)+i'r[ w+w,,o(p,p—hk/2)+in] ©)

v

Since the polarizability tensor, a*
related, i.e.,

and the conductivity tensor o"” are

2

4
@ (ko) = i—
w

" (kw)

we find that equation (8) can be expressed as

2
o (ko) =2 T + 3" (ko) (10)
w
where
X"
@ (ko) = —4me’ “ (ko) an
w

In this work we consider equation (11), since the first term in equation (10)
is already in the expansion form. The matrix elements and excitation
frequencies that appear in equation (9) are those appropriate for a system
of electrons with Coulomb and external magnetic field interactions, but
without any transverse self-consistent magnetic field interactions.
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2. SUM RULES

The complete modified polarizability tensor &"”(k) is expressible in

terms of the corresponding “‘external” quantities @*”(kw) as (Genga, in
press)

a(kw)=a(A—&)A (12)
where
A=1-n’T, n=ke/w, T=1—k-k/k* (13)

This is because &*”(kw) possesses the well-known high-frequency sum-rule
expansion (Genga, in press)

- G (k

§ (k)= - 3 S (14)
I=:)dd

. o (k

§ ko) =— 3 0 (15)
I=even

as &"*(kw) in the classical case (Kalman and Genga, 1986; Genga, 1988).
The superscript H stands for “Hermitian part of,” and prime and double
prime denote “real part of” and ‘“‘imaginary part of,” respectively. As in
the magnetic field-free case (Genga, in press) the (*” coefficients are
calculated from the relation

(47,(k) = 47> ¥, {[wno( p, p — Hk/2)1 " O|TTE|n)n|TL7|0)

~[=wno(p, p+ Hk/2)] O (| n)X(n[II£]0)}, o (16)

It is also known (Kalman and Genga, 1986; Genga, 1988, and in press)
that the high-frequency expansion of @*”(ke) becomes similar to that of
&* (kw) as given by equations (14) and (15), with Q{¥1(k) replacing the
corresponding (1, (k). The relationships between the two sets of coefficients
up to /=4 are

Q;ll:ﬁg,v

QHV:._QM-V

A A (17)
Q‘;.:V___QZLV__QSLQQ;V
QQLV:ﬁ?v_ﬁ;aﬁ;v_ﬁgaﬁgV

The Hamiltonian of the system that satisfies equation (16) is given by

1y vixi-x) (18)

2m istj

H=Y
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where V(x; —Xx;) is the interaction potential between a pair of particles and
is independent of velocity.

We now turn the calculation of the frequency moments (up to /=4).
Since we are considering an anisotropic system in the presence of an external
magnetic field, &"*” is nondiagonal (Genga, 1988). In this case both even
and odd moments of 4%, exist. The real diagonal and off-diagonal elements
satisfy the symmetric condition

017 (k) = Q% (k) (19)
and the imaginary off-diagonal elements satisfy the antisymmetric condition
Qi(k) = -Qj% (k) (20)

as in classical plasmas (Genga, 1988).
The first moment leads to

(0lﬂféln)(nlﬂiklo>+(0|H1k|n><n|H£|0>]
wnO(p> p + ﬁ/Z) wnO(p’ P hk/z)
= wlL* (21)

08 (k) = 4me® ¥ [

np

The second moment yields
047(k) = 4me’ ¥ ((O)I1£]n)Xn|T17,4]0) — (O[II* | n)Xn[11£|0))
=3((OJ[ 1L, TLXJOXO|[T1 2, TX%][0))

_lw,, eB} G 22)
m ¢

The third moment is given by

o hk
Q5" (k) = 4e” Z [wn() (RP'?) (O[TT% | nXn|I1|0)

Fan (5, p+ ) 01" k|n><nfn"|o>]

=0

= 2me*(O|[[T1¥, H], T1%, ]+ [[11%, H], T1£]/0)

_w)p 2R 0
— P2 n ka(ol mny
2mc gx”
2] B
+£unﬂi+sanv +ie"e anB 271 Blo)
ax” ax* 2me
0 0
o eB panB eB, ,
x*10)
4m 2me
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"k”‘k"(O|2mc(B°) ! V+i£°”’BxB ~— g " x " —
mc % ox 0x ox
eB 2 (] e—] 62
+ g Mg 1 (x B) |0y — -1 e (0|2mc(B°) 1———
2mc “ gxt
)
a anB B _~ a a B B
X o +ie""x 6x”+€ et T’( )0}
2 1] -1 4,2
w}’e N e 0y—1 anr o a4
~—L—1 k*k*{0]2mc(B —g My —
2me © (Bo) ax ax” © ax*
9 eB®
— g = e T L xxP|0) + (0| LE”
1 e
+N2Lq (Sk—q_Sq)lo) (23)
q

The fourth moment yields

A KT
00 =47¢" 2 {00 (. p-2) | omimtainzo

wk\ 1?
- [—wno (p, p +7)] (OJITZ | n)(n|IT%|0)} =0

=27e*(O|[[[I1%, H), H], 112, ] - [[[T1Z,, H], H], 11%10)
et eB’I kﬂ(o‘ pwne Vnasanﬁ (B )

4m?c?

4dme

0 2 0452
. eB ] e*(BY) F]
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mc 0x

8mc?
2/ R0N\2( ..B\2 0 By3
+€um‘fganl3 e._(B’l) (x ) i+1£una Vnﬁ m)l3 3(B ) (x )
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2/ 02 2 o 2
e’ (B w,eB d
+ jLghT*g 2B ———( 2;'2) (xB)2]0>+—: c" k“k*{0]i6e ™ P

2 2 0
i6e™ 2+ igerm —L i gemmmgime £
ax* ax* ax® ax* mc
0 4]
+3 v-r;a anB 7 M B d Vna anfl eB"I x[B _8___
me ax me  ox*
Z(BO )2 eBO

+ll5 wne vv7,B ﬂnBe

£ ( B) +1i unvgﬂnﬂ

" x”|0)

BO
“’29 ”(O|L"”+ T (ML 4 eTTLIY (S~ SO0 (24)

.|_

where
L¥Y = k*k” [ kP (25)

To obtain an explicit expression for Q/7,(k), we choose the k-system, in
which

k=(0,0,k)
B°=B%=B"sin ¢
(26)
=B‘2’=0
B%=Bj}=B"cos 6
and
g.=q'=qsin 6 cos @
g,=q¢°=qsinfsing (27)

g, =q =qcosb

In order to obtain the components of the external magnetic field as given
in equation (26), one has (Landau gauge) A°=3(0, B2x —zB?,0).

3. LONG-WAVELENGTH LIMIT

In the long-wavelength (k- 0) limit, we find from equations (22)-(24)
that the elements of the frequency moments are given by

0V =02K =0
AP (k) = 0>
(37 (k) = 03'(k) = iw > cos 6
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G2(K) = 02(k) = iw2Q sin 8

N

é (k) = _%_P E‘corrk2

m
OPK) =0 (28)
2
sz(k) = _% ___P Ecorrk
m
BP0 = o W7 _ap ) K2

2 A 3p9:2 K
Q2K =-Q2(Kk)=iw2Q | | ——+1Econ | = [ cos 0
P
m 8m

” 2 15p% K2
Q2 (k) =-03(k) = iw>Q [ —(——p £ —3—;‘5) —— | sin @
m 8m

|0) can easily be shown to be of the form

0y= (27) V2A e 4N+ ip,/ b (29)
where
A =—h/m)
2¢
)’oz_—P'X
e
y=Bx—Bz=—% (30)
2 X e
o
T me

and the last term is the the electron cyclotron frequency. From equatAion
(28) we find that the correlational terms of Qi', QF, Q% QF,
and Q2 are of the same order as their corresponding ones in the classical
case (Genga, 1988). E.,,, is the (negative) correlation energy per particle
and p? is the lowest Landau Level Fermi momentum.

4. STRONG COUPLING EFFECTS ON PLASMA DISPERSION

In this section correlational effects on the undamped high-frequency,
quasi-one-dimensional plasma waves, in an external magnetic field, are
determined by using high-frequency sum rules (HFSR-s). We limit our
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problem to quantum nonrelativistic plasmas with spinless particles at T =
0 K. Although the method is exact, it is not very reliable for the calculation
of the dispersion relation (Genga, 1988). The high-frequency modes of
interest are the “ordinary” and the “extraordinary” modes; the extraor-
dinary mode under consideration is the one with cutoff frequency w,=
30[1+(1+4w;/0%"?]. All the modes propagating along and across the
external magnetic field are considered. We use a coordinate system where
k=(0,0, k) and B’ is in the x-z plane, i.e., k-system.

We study the behavior of the system by applying a small perturbation
to the dispersion relations (Genga, 1988). As a result of this a frequency
shift due to correlations occurs. The frequency shift due to correlations is
of order k%, and thus is small as k-0 and is equal to the order of the
frequency shift due to quantum effects.

4.1. Propagation Parallel to Magnetic Field
In this case only the longitudinal and extraordinary modes exist (Genga,
1988). The longitudinal mode oscillates at the plasma frequency.
4.1.1. Longitudinal Mode
The dispersion relation
e33(kow) =1+ as;tkw) =0 (31)

determines the behavior of longitudinal plasmons. After a small perturbation
is applied to the dispersion relation the plasmon frequency becomes

(P¥)’?

1
w’(k) = w} - [3 ~%E] K’ (32)

The correlations are seen to increase the negative quantum dispersion for

finite k.

4.1.2. Extraordinary Mode

The dispersion relation that determines the behavior of the extraor-
dinary mode is

(en(ko) —n?)*— el (ko) =0 (33)
The ensuing frequency can be written as
> 2 E
(k) = 2[ +(.€______ﬂ>k2 34
o (k)= |1 w) 15m o3 (34)

In this case we see that the correlations enhance the positive refractive
dispersion for finite k. It is also noted that the quantum effect on the
dispersion does not exist.
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4.2. Propagation Perpendicular to Magnetic Field

Unlike the case of propagation along the magnetic field, here we have
a pure transverse mode, called the “ordinary mode,” and a coupled trans-
verse-longitudinal one, called the “‘extraordinary mode.” The dispersion
relation for the ordinary mode is

e1,(kw)—n*=0 (35)
and that for the extraordinary mode is
[Ezz(w)“n2]833(kw)‘"-‘5§3(kw) =0 (36)

4.2.1. Ordinary Mode

After applying a small perturbation to the dispersion relation, we find
that the ensuing frequency becomes

2

wz(k)=w?,+(c‘2———-Ecm> K (37)
15m

The effect of correlations is seen to enhance the positive refractive dispersion.

We also note that there is no quantum effect on the dispersion.

4.2.2. Extraordinary Mode

In this case the expression for the frequency is
c? 1
®*(k) = w3 {1 + [—2 - (38F—%5Ecm)k2}} (38)
20, mw;

where er= (P{’)?/2m is the Fermi energy per particle. We see that correla-
tions increase the negative quantum dispersion for finite k. The total quan-
tum and correlation effects reduce the positive refractive dispersion for
finite k, unlike the case of parallel propagation.
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